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L. ALAYNE PARSON

ABSTRACT. Certain generalized Kloosterman sums connected with con-
gruence subgroups of the modular group and suitably restricted multiplier systems
of half-integral degree are studied. Then a Fourier coefficient estimate is obtained
for cusp forms of half-integral degree on congruence subgroups of the modular
group and the Hecke groups G(y/2) and G(+/3).

1

1.1. Generalized Kloosterman sums. In [18] H. Petersson studied certain
generalized Kloosterman sums connected with congruence characters on congru-
ence subgroups of the modular group. In [8] M. I. Knopp and J. R. Smart ex-
amined the same sums except now connected with multiplier systems of half-
integral degree on the full modular group. In this section we extend the results
of H. Petersson, M. I. Knopp, and J. R. Smart to Kloosterman sums W(c, n, u, v,T")
connected with suitably restricted multiplier systems of half-integral degree on
congruence subgroups of the modular group and obtain

a.n Wi, n, p, v, T) = O(c'/+€)

for each € > 0 where the constant involved is independent of u.

Let I'(1) denote the homogeneous modular group, that is, the group of all
2 x 2 matrices with rational integer entries and determinant one. For a positive
integer N, the principal congruence subgroup of level V is defined by

I'(V) = {M €T(1): M= I (mod N)}

where the congruence is elementwise. I'(V) is normal and of finite index in I'(1).
A subgroup I' of I'(1) is called a congruence subgroup of level N if ['(V) C T and
N is minimal with respect to this property.

Let T be a subgroup of finite index with —I €. A mapping v from T into
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the complex numbers of absolute value one which satisfies u(—I) = (—1)" and the
“consistency condition” (1.2) is called a multiplier system for I' of degree -, r
a real number.

12) oM M,)(czz +d5Y = MM, ) Myz +d, Y (c,z +d,)

for z in the upper half plane H, M;, M, €T with

ai bl’ * *
M,.=( ) i=1,2, and MM, = .
& 4 ¢3 dy

Here M,z = (a,z + b,)/(c,z + d,). In order to fix the branch of (cz + d) for
r nonintegral, for any complex number 7 and real s we set 7* = |7[° exp(is arg 7)
with =7 <arg 7 <m. When  is an integer, (1.2) reduces to o(M,M,) =
UM, ) (M,); and v is a character on I.

Set S = (} 1). For I of finite index, there exists a smallest positive integer
A such that $* = (}, ’l‘) isin I'. Given a multiplier system v on T, k is defined
by u(S™) = e(k),0 < k < 1, where we are using the notation e(z) = e2™. Also,
from (1.2) we have

(1.3) uSM) = o(SM (M) and MS™) = WMAS)

for any M €T.

Now let v be a multiplier system of half-integral degree —r = —s/2, s an
integer. Set u = 4(~r/2 — [—r/2]) where [x] is the greatest integer less than or
equal to x. Thenu =0, 1,2, or 3 accordingas—s =0, 1, 2, or 3 (mod 4). Let
v, denote the multiplier system for n~!(z), a modular form of degree %. Then,
for any M €T, we may write

(14) o) = v, (M)
where v, is a character on I of degree 2[-r/2]. If k, and k, are given by

(8™ =e(k;), 0 <k; <1,i=1,2, we have k =k, + uk, (mod 1). Since it
is well known that e(k,) = e(-\/24),

15) 24k =24k, (mod 1).

We come now to the definition of the generalized Kloosterman sums
W, n, p, v, T). Let v be any multiplier system for I'. Let ¢ be a positive integer
such that (} %) €T and D(c) = {d: ¢ }) €T and 0 <d < c)A}. For any in-
tegers pu and n and any M = (3 3) €T with lower row (c, d),

a6 WenmuD= T He(l0+0a++0d).

deD(c)
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When I' = I'(V) and v = 1, (1.6) becomes the original sum introduced by H. D.
Kloosterman in [5]. Let

8@ b, ¢, ) = Wpe( 10 + 00 + (w104 )
It follows easily from (1.3) that

a.mn ga+c\,b+d\c d)=g@b,c d),
and
(1.8) g@ a\+b,¢c,cA +d)=g(@a, b, c, d).

(1.7) implies that W(c, n, u, v, I') does not depend on the specific choice of a
and b for M in T with lower row (¢, d).

For later use we record here an estimate on certain related sums which
were studied by Malyshev [11]. Let

ux + ux'
K@ vl Liq)= 2 (i:)e (“'—>
x (mod q);x=l (mod L);(x,q)=1 q

where u, v, and [ are integers; q is a positive integer; 7 is an odd positive integer
dividing q; L is a positive integer dividing ¢; and x is any integer for which xx' =
1 (mod gq). Also, (x/r) is the Jacobi symbol. Then

(19) K, v; 1, L; @)l < A(e)g'/2*¢ min {\/(u, q), Vo, 9)}

for each e > 0 where A(€) is a constant depending only on €.

12. Congruence characters. To obtain a nontrivial estimate for
W(c, n, p, v, T') we take I" to be a congruence subgroup and v a multiplier system
of half-integral degree. In addition, given the decomposition of v in (1.4), we
assume that v, is a congruence character, that is, that the kernel of v, is a con-
gruence subgroup. It is well known that there are only twelve characters on I'(1).
The six with w(—I) = 1 are identically one on I'(6) and are thus congruence char-
acters. The question of the existence of congruence characters on proper con-
gruence subgroups is examined in

THEOREM 1.1. All congruence characters on a congruence subgroup T’ of
level N, N > 1, are identically one on T'(R) where

12N%/(N, 12) if N is odd,

(1.10) R=
24N?|(N, 12) if N is even.
Therefore, the number of congruence characters on T is I = [I'/T(R)/(T/T(R))'|

where (T/T'(R))’ denotes the commutator subgroup of T'/T(R); and for each of
these characters v,V = 1.
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PROOF. Let v be a congruence character with kernel K. Then since I C
K CT,in R. A. Rankin’s terminology, K is a lattice congruence subgroup of I'.
A. W. Mason [13] has shown that the level of K divides R where R is given by
(1.10) so that K O I'(R). Since v was arbitrary, all congruence characters are
identically one on I'(R). It is now clear that the group of congruence characters
is isomorphic to the group of characters of I'/T'(R); and since the number of
characters on I'/T'(R) is , the proof is complete.

REMARKS. 1. Using the results of M. Newman and J. R. Smart [15], [16]
on modulary groups and McQuillan’s classification [14] of normal congruence
subgroups, it is possible to calculate the number of characters on I'(V) which are
1 on I'(kN), k a positive integer. It then follows that I'(R) is the largest principal
congruence subgroup on which all congruence characters of I'(V) are 1 and that
the number of such characters is 12N3/(V, 12) if N is odd, 48N 3/(V, 12) if
N=2orN=0 (mod 4), and 96N3/(V, 12) if N =2 (mod 4), N > 2.

2. It is also interesting to note that although there are infinitely many
characters on I'(V), N > 2, which take values that are roots of unity, only finite-
ly many of these are congruence characters.

1.3. Reduction of W(c, n, u, v, T). W(c, n, u, v, T') is now reduced to a
finite sum of sums which can be estimated by (1.9). The method of reduction is
due to H. Petersson [18] who used it while studying W(c, n, u, v, I') when v was
a congruence character.

Let T be of level N. Then, since SV €T, there exists a positive integer A
such that N = hA. Also, since v, is a congruence character, v; =1 on I'(12V 2),
Therefore, 1 = v (S”N ) =v,(SM)!?N" = ¢(12Nhx,); and 12Nk, is an integer.
It now follows from (1.5) that 24Nhk is an integer. From (1.8) we have

(1.11)  24NEW(e, n, p,v,T)= ¥ v(M)e(’”’éJ;,J-"")
dED(24Nhc)

where m = 24Nhn + 24Nhk and w = 24Nhu + 24Nhx are integers.
We next note that I has the coset decomposition

1/24Nh 24Nh
1.12) r= Y 3 SMkT(Q4an?)

s=1 t=1

where [(24N2) = (M €T(1): M =1 (mod 24N?)}, I = I': ['(24N?)|, and the
K, s=1,...,1/24Nh, are elements of I which have distinct lower rows modulo

24N2, Set
a, B
Ks=(’ ‘).
Ys s

It then follows from (1.12) that the pair (¢, d) is a lower row for an element in
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T if and only if (¢, d) = 1 and ¢ =y, d = §, (mod 24N?) for some s. This fact
together with (1.7) and (1.12) allows us to rewrite (1.11) as

I/24Nh 24cN
UMW o D)= 3 3 vone(Ta )
s=1 d=1

where the prime on the outer sum indicates that we are summing over only those
s for which v, = ¢ (mod 24N 2) and the inner sum is restricted by the conditions
M=K, (mod 24N?),(c,d)=1,andd = 8, (mod 24N 2). For notational con-
venience set

20 if u is even,
1 if uis odd.

By (1.4) v may be written as v = v,v4~Pvj. Since v}~ P is a character of I'(1)
and since I'(1)' D T(12) [9], v,v%4~? =1 on ['(24N?). We then have

1/24'11 _ ma + wd
TR AR Z* 2 00e (G )

(1.13)
1/24N

= z 1( )vz—pw( )

=1

We next note that if

’ '
K=sws= (i )

s

where ¢ and r are integers and B; = B, + 18, + r(a, + ty,), then by (1.3)

(1.14) WK = T2 e (T WK,)-

The summation conditions on W(Kj) are equivalent to (¢, d) = 1,a=a},d =4,
(mod 24N?), and ad =1 + Bc (mod 24cN?). Since (g, 7,) = 1, we may choose
integers 7, and 7, so that ry(a, + #;Y;) =B, — £,7, (mod 24N?2), that is, so that
B, =0 (mod 24N 2). For this choice of ¢ and 7 the summation conditions on
W(K,) become (d, 24cN?) = 1,d =5, (mod 24N?), and ad =1 (mod 24cN?).
Setting

- wr,

e(a,) = By (K, T P(K JoB(S (S ‘)e(—w—’),

we find from (1.13) and (1.14) that

1/24Nh
(1.15) 24NW =Y.' e(g WK,

s=1



334 L. A. PARSON

where
24cN2
' - ma + wd
(1.16) WE) = %, V300 24c1v’)

with the summation conditions (d, 24cN?) = 1,ad =1 (mod 24cN?), and
d =3, (mod 24N?).
14. Proof of (1.1).

THEOREM 12. Let I" be a congruence subgroup of level N with multiplier
system v = v,v5, u = 4(-r/2 — [-r/2]), of half-integral degree —r. If v, isa
congruence character, then

@1.1) W, n, u, v, T) = O(c1/2t¢)
for each € > 0 where the constant involved is independent of p.

PrOOF. When u is even, p = 0 and W(K ;) is a classical Kloosterman sum
which carries the famous estimate of H. Salié [22] and A. Weil [27].

WK;) = O(24cN?) 12+ min {y/(m, 24eN?), V(w, 24eN)}) = O(c'/2*°).

For a recent elementary proof of this estimate see S. A. Stepanov [26]. Since
the constant here depends on I, €, and m = 24Nh(n + k), (1.1) follows from
1.15).

When u is odd, p = 1; and we make use of the following explicit expression
for v, (see, for instance, [7, p. 51]). ForM=( 5 €T(U),¢, d>0,

| (g)‘" (21_4 [@ + d)c - bd(c* - 1) - 3c]) if ¢ is odd,
1.17) v, = { (%)e (%[(a +d)e—bd(c —1) +3d=1) - 3cd]>

if ¢ is even.

If ¢ is odd, substituting (1.17) into (1.16) gives
WK.) = e(- c/8)K,w + N2, m + cN?; 5, 24N?; 24cN?)
in A. V. Malyshev’s notation. By (1.9) we conclude that
WK,) = O((24cN?)! /2 +€ min {(w + c2N2, 24eN?)!/2, (m + N2, 24cN?)!/2))
= 0(c}/?+¢)

where, as before, the constant is independent of u.
If ¢ is even, substituting (1.17) into (1.16) gives

2aeN? ]
Kg)=e(-1/8 V(552 [0m + *N%a + (w + 3eN? - 2¢°N?
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with the summation conditions (d, 24cN?) = 1,ad =1 (mod 24cN?),d = 5,
(mod 24N?). Now write ¢ = 2%¢,, (¢,,2) = 1, ¢ > 1. By quadratic reciprocity

2 —1)d-
(el = )@ D31V gy,
Since d =§; (mod 8) and (5;, 8) = 1, we have

WK;) = EGs, 0K, W + 6cN? = 26*N? = 3cc,N2, m + ¢*N?;
8, 24N%; 24cN?)

where
e((c, —2)/8) if 8, = %1 (mod 8),

E@s, 0 =
e((c, —2-4n/8) if 5, =13 (mod 8).

By (19) W(K,) = O(c'/?*€) where, as usual, the constant is independent of p.
For u odd, the estimate on W now follows from (1.15); and the proof of the
theorem is complete.

REMARKS. By Theorem 1.1 only finitely many multiplier systems of a
fixed degree —r satisfy the conditions of Theorem 1.2. As special cases of Theo-
rem 1.2 we have the estimates of M. I. Knopp, J. R. Smart, and H. Petersson.

1.5. Cusp form Fourier coefficient estimate. Since W(c, n, u, v, T') does
arise naturally in the theory of modular forms, we conclude this section with an
application of Theorem 1.2 to the estimation of the Fourier coefficients of mod-
ular cusp forms. For I of finite index in I'(1), a function F, regular in #, satis-
fying

(1.18) FMz) = uM)(cz + dYF(z)

foral M= ( 3) €T, where v is a multiplier system of real degree —7, is called
a cusp form if y"/2|F(x + yi)| is bounded in H. It then follows that F has a
Fourier expansion of the form

(1.19) Fo)= Y ane(@—ﬂ‘l’-), Imz>0.

n+x>0 A
It is the coefficients a,, which are estimated in

THEOREM 13. Let F be a cusp form with Fourier expansion (1.19) on a
congruence subgroup T' with multiplier system v of half-integral degree —r, r >
5/2. As usual, write v = v,v%, u = 4(-r/2 — [~r/2]). Then, if v, is a congru-
ence character,

a, = O(nr/2—ll4+e) asn— oo,

forany e > 0.
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Proor. It is well known that, since r > 2, F can be expressed as a finite
linear combination of Poincaré series G,,(z, —r, v, T'), m an integer, m + k > 0.
The nth Fourier coefficient of G,,(z, -7, v, T) is [10, p. 298]

Ami~T (n +k )("'1)/2

+ m+k

n m,n k

' e W, m, n, v, T)
c>0

- J

r—

(417\/(m + k)(n + x))
1 cA

where J,_, (x) is a Bessel function and 2., indicates that the sum is over all
positive ¢ such that (7 §) €. From Theorem 1.2 we have [W(c, m, n, v, T)| <
A,c'/?*€ where A, is a constant independent of n. For J,_,(x), x > 0, we have
[17] J,_,(x) <A, min{x"~?, x~1/2} where 4, is a constant depending only
on 7. Together these estimates give ¢, = O(n"/2~1/4+€); and the theorem is
proved.

REMARK. For an excellent summary of other methods of obtaining Fourier
coefficient estimates for modular cusp forms, known results, and conjectures, see
A. Selberg [24].

2

2.1. The Hecke groups G(\/2) and G(\/3). In [3] E. Hecke introduced an
infinite class of discrete groups é(kq) of linear fractional transformations preserv-
ing H. 6(7\q) is the group generated by Shaz=z+ A, and Tz = —1/z where

q = 2 cos(n/q), q an integer, ¢ > 3. When q = 3, we have the modular group.
When g = 4 or 6, the resulting groups are G(v/2) and G(v/3). These two groups
are of particular interest since they are the only Hecke groups, aside from the
modular group, whose elements are completely known. For this reason, many of
the classical results on the modular group have been generalized to G(W2)and
G(3). (See, for instance, J. R. Smart [25] and J. Raleigh [20].) In §3 we
shall extend the circle method for estimating the Fourier coefficients of modular
cusp forms to the groups G(v/2) and G(/3).

For notational convenience, let m stand for 2 or 3. To each linear fraction-
al transformation z' = (az + B)/(yz + 8) in G(v/m) we associate the two matrices
G g) and C: :g) and denote the resulting matrix group by G(v/m). We then have
that G(v/m) is generated by V™= (3 V) and T=( ~1). In addition, it is
known [4], [28] that G(\/m) consists of the set of all elements of the following
two types:

@ % *™)a,b, ¢, dE€Z, ad —mbe =1,and

(ii) ("‘f”— d\/"ﬁ),a, b,c,d € Z, mad - bc = 1.

Those of type (i) are called even whereas those of type (ii) are called odd. Since



GENERALIZED KLOOSTERMAN SUMS 337

G(/m) is a subgroup of SL(2, Z[\/m)), it is natural to define its principal con-
gruence subgroups by

T,,(V + RV/m) = {M € G(/m): M= I (mod N + R\Vm)}

where N + R\/m is a nonzero element of Z[\/m] and the congruence is element-
wise. It is clear that T',,(V + R\/m) is normal in G(x/m) and of finite index.

THEOREM 2.1. Let M = (. bY™) be in G(\/m). Then M €
T,,(V + Ry/m) if and only if

a=d=#1 (mod IN? - R?m|/(N, R)),
b=c=0 (mod IN? - R*m|/(N, Rm)).

ProoF. The result is immediate once we note that the smallest positive
integer in the ideal generated by N + R\/m in Z[\/m] is IN? = R?m|/(N, R) and
that if p is the smallest positive integer such that p\/m is in the ideal generated
by N + R\/m, then p = IN? — R®>m|/(N, Rm).

This simple theorem has a remarkable number of corollaries which are
collected in

COROLLARY 2.1. (i) The group of even elements in G(\/m) is T,,,(\/m).

(i) If N + R\/m is a nonunit with (N, Rm) = 1, then the group of even
elements in T,,(N + R\/m) is T,,(IN? — R?m|).

(i) If N + R/m is such that (N, Rm) > 1, then T,,,(N + R\/m) contains
only even elements and

T, (w;—v'—gﬂ'-) when (N, Rm) = @V, R),
T,V + Rym) = '

( W (NRR;nI m) when (N, Rm) = m(N, R).

REMARKS. It is clear from Corollary 2.1 that the principal congruence
subgroups reduce to three basic types; I',,, V), I‘m(R\/fn_), where N and R are
positive integers, and T',,,(V + R\/m) where (V, Rm) = 1. Since both T',, (V),
N>1,and I‘m(R\/r_n') contain only even elements, Theorem 2.1 gives an alter-
nate definition of these groups.

THEOREM 22. Let M= ("™ , 2 be in G(\/m). Then M €
T,V + R\/m) where (N, Rm) = 1 if and only if

@1 b=c=0 and a=d=%d, (mod|N?-R’ml)
where dy = voN + ugR and (uy, v,) is a fixed solution to uN + vmR = —1.
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ProoF. If M €T, (N + R\/m), it is clear that b and ¢ are multiples of
IN?2 — R?m|. In addition, there exist integers u and v such that d\/m ¥ 1 =
u + vm)V + Ry/m) or d = uR + uN and ¥1 = uN +vmR. Since all solutions
(4, v) of uN + vmR = -1 are of the form u = uy — tmR and v = v, + tN where
t is an integer, d = +d,, (mod IN? = R?m]); Similarly,

a=d=td, (mod IN? - R%ml);
and (2.1) is verified.

Now let M be an odd element of G(v/m) satisfying (2.1). Without loss of
generality, we may assume that a =d =d,, (mod N2 —R?*m|). It is clear that
b=c=0 (mod N + R\/m). Also, there exists an integer ¢ such that d = d,, +
tN? = R>m) = (v, + tN)N + (uy — tmR)R. If we setv=v, + tN and u =
U, — tmR, then uN + vmR = —1 and dy/m — 1 = (u + vWm)(V + R\/m). The
same argument then shows that ax/m =1 (mod N + R\/m) so that M =T
(mod N + Ry/m); and M ET,,,(N + R\/m).

ReEMARks. 1. T, (V + Ry/m), V, Rm) = 1, does contain odd elements.
Since md? =1 + (vim — u3)(N* — R%m), if we set t = vim — u3, then

dgv/m — tdy(N? = R*m)m t — tmd}
N?-R’m dg\m

belongs to T',, (V + R\/m).

2. From Theorems 2.1 and 2.2 we have that ', (Rv/2) = I',(R) whenever
R is 0dd, T, (2y/m) =T,,(2), and T',,(N + R\/m) =T,,(N' + R'\/m) whenever
(N,Rm)= (N',R'm) =1 and IN2 =R?m| = IN'? = R"’m|.

2.2. The index of the principal congruence subgroups.

THEOREM 23. |G(\/m) : T,,,(2)| = 4m. For N >2,

w11 (1——‘:) i, my=1,
pIN p
IG&/m):T,,(\)| = . :
-=\N3 1- if (N, m) = m.
(l m) p/NI;}#:m( ?) lf( =

Proor. For convenience we introduce the group
F,V) = {M € GG/m): M=1I (mod N)}.

Since T',(2) =T,,(2) and [T, ) : T,,,(V)| = 2 when N > 2, it suffices to deter-
mine |G(v/m) : T',,(W)I. Our calculation of the index of T, (V) is a modification
of the method usually used in calculating the index of I'(V) in the modular group
(see, for instance, R. C. Gunning [2, p. 8]).

We begin by considering I',,,(v/m). Let ¥ be the natural homomorphism
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from Z to Z,, the integers mod N. Then y induces a homomorphism from

Pm(\/-"T) onto

such that T, (W/m)/T,,(V) = H. To see that y actually maps onto H, let M =

G \/‘.‘;n- b‘{f) be in H. Since ad — mbc =1 (mod N), there exists an integer k
such that ad — mbc — kN = 1. In particular, (mc, d, N) = 1. Thus there exists
an integer n such that (mc, d + nV) = 1; and we may assume that (mc, d) = 1.
Now consider the matrix Q‘J%” (b+r 1;/)\/%) where e and f are integers yet to be
determined. This matrix has determinant 1 + N(de — mcf + k). Since (mc, d) =
1, we may choose e and f so that mcf — de = k. Then, for this choice of e and
f, we have an element of I‘m(\/n_l) which is mapped to M under .

Since we now have |G(v/m) : T',, (V)| = 2|H|, it remains to calculate the
order of H. We note that a pair (¢, d) of integers mod IV determines a lower row
of an element in H if and only if (mc, d, N) = 1. It is then elementary to show
that for each such fixed pair (c, d) there are NV incongruent pairs (g, b) of integers
mod N such that ad — mbc =1 (mod N). In other words, to each lower row in
H there correspond N distinct elements. Therefore, [H| = N - (V) where AV) is
defined to be the number of incongruent pairs (c, d) of integers mod N with
(me,d, Ny=1.

Since it is easily verified that A(V) is multiplicative, that is, that AWVNy) =
AV AW,) for (Vy, N,) = 1, it now suffices to find A(p¥), p prime. For p # m,
there are p(p*) = p*¥(1 - 1/p) integers ¢ mod p* with (me, p) = 1. For each of
these, there are p* choices for d mod p* such that (mc, d, p*) = 1. This gives
p**(1 - 1/p) incongruent pairs. Also for p # m, there are p*—! values for ¢
mod p* with (me, p) = p. To each of these there correspond ¢(p¥) = p*(1 — 1/p)
choices for d mod p* such that (mc, d, p*) = 1. This gives p>¥~1(1 - 1/p)
additional incongruent pairs. Therefore, for p # m, A\(p*) = p**(1 - 1/p?).
Similarly, N(m*) = m®*(1 - 1/m); and, finally,

N3 H(l—z—,lf) O, m=1,

pIN

1\,,3 ( 1) .
1-= l-=) fV,m=m
( M/ piNwptm \ P

The proof of the theorem is now complete.
The index of the other piincipal congruence subgroups is easily derived
from Theorem 2.3.

H| =

THEOREM 24. If N + R\/m is a nonunit, (N, Rm) = 1, then
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6 when IN? —3R?| =2,

@2 . _Juwr-r2mp 11 (1— l)
) IGWm: T,,(V + RVm) m I LI L
otherwise.
IFR>1,
1
23) IG6/m): TRV = (m - DR® 1 (1—7)
pIR;p#m p

ProOF. Since [T,V + Ry/m) : T,,(IN? = R%ml)| = 2, (2.2) follows
immediately from Theorem 2.3. Also, since T,,(2y/m) =T, (2), (2.3) needs
verifying only when R > 2; and, by Theorem 2.3, it suffices to prove that

m if R, m) =m.

If m =2 and R is odd, (2.4) is immediate since I,(R) =T,(RV2). If m =2
and R is even, R > 2,

249 IC,,(R): T,,,(RVm)| = g

<R2 -R+1 Rz\/f/2>
V=
RVZ R+1

is in T’ (R) but not in T, (Rv/2); and we claim that
I,R) = I,RVZ) UT,RVD) - V.

Since the two cosets are disjoint, we need only show that M = (,, \7.2.. ”\f-) in
I',(R) lies in one of them. Since 1 = ad — 2bc =ad (mod 2R), eithera =d =
+1 (mod 2R) ora =d =R 1 (mod 2R). In the first case, M € I',(R/2); and
in the second case, MV~ € I';(Rv/2). The verification of (2.4) for m = 3 is
similar and is thus omitted.

2.3. Congruence characters. A multiplier system v of degree —r for a sub-
group of G(x/m) is again a map from the matrix group into the unit circle which
satisfies (1.2) and w(~=I) = (-=1)". A multiplier system of even integral degree is
called a congruence character if its kernel is a congruence subgroup where I' is a
congruence subgroup of level N if N is the smallest positive integer such that
I' DT, (V). M. I Knopp [6] has determined all characters of even degree on the
full group G(v/m). It is easily verified that all 2m of these characters are identi-
cally one on I',,,(2m) and are thus congruence characters. For proper congruence
subgroups we have the following result.

THEOREM 25. If T is a congruence subgroup of level N, N > 1, then all
congruence characters on T" are identically one on T, (R) where
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§24m2N2/(l2, mN) if mN is even,
~ l12m®N?/(12, mN) if mN is odd,
and the number of such characters is |(T/T,,,(R))/(T/T,,R))'I.

PROOF. Let v be a congruence character with kernel K. Set H =K N
T,, (V). Since K O TI',T,,(V)' CHCT,,(NV). Let fbe the isomorphism from
T,,(v/m) onto T'ym) = {¢ 3) €T(): ¢ =0 (mod m)} defined by
V(- ”‘{,m)) = (2, 5). Then f(H) is a lattice congruence subgroup of
AT, (V). Since f{T',,,(V)) is of level mN, by A. W. Mason’s results [13] the
level of f{H) divides R. Therefore, f{HH) O I'(R) and K D T',,,(R). Since v was
arbitrary, all congruence characters on T' are identically one on I, (R); and,
as in the case of the modular group, the number of such characters is
I(T/T,,, R))/(T/T,, (R))'I.

3

3.1. A cusp form Fourier coefficient estimate using the circle method. In
this final section we improve upon the Fourier coefficient estimate of §1.5 and
simultaneously obtain a Fourier coefficient estimate for cusp forms on congruence
subgroups of G(v/2) and G(+/3). This is accomplished by modifying the classical
Kloosterman version of the circle method [5].

From this point on let m stand for 1, 2, or 3 so that the modular group,
G(/2), and G(\/3) may be collectively referred to as G(/m) with principal con-
gruence subgroups T, (V). For 7 real and T of finite index in G(v/m) with
—-I €T, F is in the space of cusp forms CO(T, —r, v) if F is analytic in H; satisfies
F(Vz) = u(V)(yz + 8)F(z) forall V= (§ 7)in T and z in #, and has expansions
of the form (3.1) at all parabolic points g of I'. For I' C I'(1) it is well known
that g is a parabolic point if and only if g is rational (where o = 1/0 is called
rational). The corresponding result for the Hecke groups is that g is a parabolic
point for I of finite index if and only if ¢ = a\/m/b where a and b are integers.

GD FR)=0,c) 3 a,@e(n +K,)V,z/\))

n+xq>0
where
z-q) " ifg<ece,
0,()=
a 1 if g = oo,

and ¥, is any element of G(+/m) for which V¥, (g) = . In particular, we set
Vo =1L 1, is the smallest positive real number such that sMeyT Vy!l;and
Kg is defined by w(V; 'SV, ) = e(k,), 0 <k, < 1. As the notation indicates,
a,(q), A, and k, are independent of the choice of V.
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As in §1 we restrict ourselves to multiplier systems v of half-integral degree
—r and write v = v, V4, u = 4(—r/2 - [-r/2]), with a fixed multipler system v,
of degree 1/2. For the modular group we again take v, to be the multiplier sys-
tem for 7 1(z). For the Hecke groups G(+/2) and G(»/3) we take v, to be the
multiplier system for n(z, v2)* and n(z, V/3)* respectively. An explicit ex-
pression for these multiplier systems is given by J. R. Smart in [25].

3.2. Preliminary lemmas. The multiplier system v, takes a particularly
simple form on certain principal congruence subgroups as seen in

LEMMA 3.1. Let N be a positive integer such that N =0 (mod 24) when
mis1or3and N=0 (mod 16) when m = 2. Then, for M = (c\;i'n" DET, M),

v, (M) =

{(c/d)* FM=I (mod M),

ic/d), ifM=-I (modN),
where

c\ _ _g_)(_l\sgnc—l.sgnd-l
(d,, Idi 72 2

ife#0 and (9-> =1, (—0') =-1.
1/, -1/,

As usual, if x is a nonzero real number, then sgn x = x/|x|.

Since the computations are straightforward, the verification of the lemma is
omitted.

LEmMA 32. Let N be as in Lemma 3.1. Then v,(M~'SNVmy) =1 for
any M € G(\/m). In particular, Kg = 0 for any parabolic point of T,,,(N).

ProOF. If M is even with lower row (c\/m, d), then by Lemma 3.1
v, (M~ 1SVV) = (—=c*Nm/(1 — dcNm))s. If M is 0dd with lower row (c, dv/m),
then vz(M’l.S‘N Vi) = (~c*N/(1 = deNm)). If ¢ = 0, the result is immediate.
If ¢ # 0, both of the preceding expressions are of the form (—k2n/(1 = sn))s,
k#0,n>0,n=0 (mod 8). However,

<—k2n> _<—k2n>(_l)l—sgn(l-sn)_( n )
1-sm ), \11-snl 2 “\Il =sn|
ny
=(Il—sn|>=1

where n, is the largest odd integer dividing n; and the proof of the lemma is
complete.
In the circle method the cusp form expansions at parabolic points are not
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used as given by (3.1) but rather in the equivalent formulation given in

LeEMMA 33. Let F be in C°(T,,,(N), —r, v%) where N is as in Lemma 3.1,
r is a half-integer, and u = 4(r/2 — [-1/2]). Then to each M = ( 8y e Gm)
there corresponds an expansion of F, valid for Im z > 0, of the following form:

F&) = o5y n}:jl 0, () uMz N7
In addition, if M’ = G §)=M (mod N) with V.=M'~'M =, o ), then
(32) a,(M") = (c/d)ye(rk)a, (M)
where k is the integer, independent of z in H, defined by

kM, M") = (1/2m)(arg(y'Vz + 8") — arg(yz + 8) + arg(ev/mz + d)).

PrOOF. Given M = (§ §) € G(/m) with y # 0, ¢ = =8/ is a finite para-
bolic point of T',,(V). Since M(q) = o, the expansion (3.1) of F at g becomes

PO =Gy L @tz W)

Note that k, = 0 by Lemma 3.2. Then, since (z + 8/7)" = v~ "(yz + 8)'K where
K is a constant of absolute value one, independent of z,

PO = ey L en@etue]

and a,(M) = Ya,(@)/K. Similarly, if M € G(/m) has y = 0, M = +(} V),
and a,(M) = (1Y e(=t/N)a, ().

To prove (3.2) consider first the expansion

Fi2) = (TyTszr)T Z a,(M")e(nM'z/N\/m).

Replacing z by Vz and using the equation F(Vz) = vi(V)(c\/mz + dY'F(z), we
have

FO) = o TG T, M,

Since Y'Vz + &' = (yz + 8)/(c/mz + d),
l o Tu 2 r.
F(z) = e 'El v (V)e(= rk(M, M"Y)a, (M "Ye(nMz/N\/m).
By the uniqueness of the expansion, a,(M") = v§(V)e(rk(M, M"))a,(M). Since

V=1I (mod N), v5(V) = (c/d)§ by Lemma 3.1; and the proof of (3.2) is com-
plete.
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LEMMA 34. Let M, M', V and k(M, M') be defined as in Lemma 3.3. If
v#0and v =, then k(M', V) = 0.

PRroOF.
20k(M, M") = arg(yVz + 8") — arg(yz + 8) + arg(cv/mz + d)

= arg(Vz + 8'/y) — arg(z + 8/y) + arg(e\/mz + d).
Since Vz + 8'/y and z + 8/v lie in H, -1 + arg(ev/mz + d) < 27k(M, M") <
m + arg(ev/mz + d). Then, since 0 < arg(cn/mz + d) < when ¢ >0 and -7 <
arg(ev/mz + d) <0 when ¢ <0, k(M', M) = 0.
The last in this series of lemmas is used to reduce the problem of estimating
the Fourier coefficients of cusp forms on congruence subgroups to that of estimat-
ing the Fourier coefficients of cusp forms on the principal congruence subgroups.

LeEMMA 35. Let T be a congruence subgroup with T,,(N) CT. Let F €
CO(T, -, v) have Fourier expansion at o
(33) F@)= X aze((k +1)z/N).
k+k>0
Let
Fz)= 2 b,e((n+«")z/N/m)

n+k'>0
be the Fourier expansion at e of F considered as a cusp form on T',,(N) where
k' is defined by W(S¥V™) = e(x'),0 < k' < 1. Then

a, ifn=kt+ [«t],
(34) b, = x [ke]

0 otherwise,
where t = N\/m/\.

Proor. Since I',, (V) C T, there does exist a positive integer ¢ such that
SNV — St Then e(k') = w(SM) = e(kt) so that kt = [kt] + k’. Using these
facts in (3.3), we have

F@)= > aie((kt + [kt] + k")/N/m).
kt+[xt]+x">0
(3.4) now follows from the uniqueness of the Fourier expansion.

3.3. The Fourier coefficient estimate. The main result of this section is
contained in

TueoreM3.1. Let T be a congruence subgroup of G(\/m) of level N and
let F € CO(T, —r, v) have the Fourier expansion at «

Fl(z) = Z ane((n + KyA)’

n+k>0
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If r is a positive half-integer, r > 1/2, and v, is a congruence character where
v = v,V3, then

(3.5) a, = 0(n”2‘1/4ln3/2no_”2(nt +kt)) asn—> oo
where t = 24m*N*\/m|\(mN, 12).

REMARKS. 1. By Theorems 1.1 and 2.5 only finitely many multiplier
systems of a fixed degree —r satisfy the conditions of Theorem 3.1. However,
(3.5) is valid for all multiplier systems of positive half-integral degree on I'(1),
GW?2), or G/3).

2. WhenT' =T;(V), v =1, and r is an even integer, (3.5) reduces to A. V.
Malyshev’s estimate in [12]. This estimate has been improved recently by R. A.
Rankin [21] who has shown that if F € CO(T'(1), —r, 1), r an even integer, is an
eigenform, then

la,| <w2=13_ . (n).

However, P. Deligne’s recent proof of the Ramanujan conjecture should now lead
to the estimate a, = O(n"/2~1/2%¢),

3. The cusp forms n(z) and 73(2) of degrees —1/2 and —3/2 respectively
both satisfy the conditions of Theorem 3.1. Since their expansions at o are

M@= 3 1e((mGm + 1)/2 + 1)24))

and

@)= T 1"Cm + Delintm + D/2 + 18%),

the best exponent for n in (3.5) is 7/2 — % when r is half of an odd integer.
Proor. The Kloosterman-Esterman version of the Hardy-Littlewood circle
method is used to prove (3.5). Since the details of this method are well known
(see [1], [5], [12], or [23]), only the modification necessary to handle cusp
forms on the Hecke groups and nontrivial multiplier systems of nonintegral degree
are emphasized.
Let N' = 24m®N?/(mN, 12). By Theorems 1.1 and 2.5, v=v¥ on T',,(N'").
Also note that N' satisfies the conditions of Lemma 3.1. By Lemma 3.5 it suf-
fices to prove ¢, = O(" 2= /41n3/2ng_, j2(n)) for F € C°(T,,,(V"), —r, V%)
with Fourier expansion

(3.6) Fz)= i ¢, e(nz/N'\/m).
n=1

From (3.6) it follows that
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1 zo+N'\/m ,
Cp = 177»'1"]:0 F(z)e(—nz/N'\/m) dz

for any fixed zy in H. We take z, = +/m/(u + 1) + in where n = \/m/n and
p = [v/n] and then divide up the path of integration by means of the mediants
of the Farey sequence of order u multiplied by v/m. This gives

nn/N'm) &
" Nv/m q§10<h§N'q

(&N))

f\/;/Q(Q"’ql) F h . ,
_Jmia+as) (&-\/r? +0+ m)e(— nd/N'\/m) do

where g, and g, are uniquely defined by ¢, A =-1 (mod q), u—q <q, <p,
and g,h =1 (mod g), p — g <gq, < p. The sum on £ and the integral in (3.7)
are now interchanged using the auxiliary function

8,0, k)=
0 otherwise,

which was first introduced by H. D. Kloosterman. This gives

e(ny/N'\/m) & Vmla(u+1) ,
Cn =i—"ﬁDN. N q;l S 2 75 a1y S EIN ) > d(6)

0<I<N;(l,q,N")=1

where
’
dD(g) = > £,,,0, he _—"Z'->
0<hn'<qN"(n',qN")=1;n'=I'(mod N") wa N'q
(338)
. F(gq@ +0+ in)

with, for fixed , § = (, N'), I=6I',N' =8N",and h = §h'.
It is at this point that we use the fact that F is a cusp form. For each A
in the sum (3.8) we choose M), € G(v/m) so that M, (h/m)/q) = o and then re-
place F(in/m/q + 6 + in) in (3.8) by the expansion of Lemma 3.3 corresponding
to M,, evaluated at z = h/m/q + 8 + in. If ¢ =0 (mod m), define M,, =
(- ”‘{;"7) as follows:
a=-50"2H", ofm=qVm/m,

_ _ad-1 _8*@"Yhn" -1
d=—-h, b\/n-z——m = q \/H-T,
where 86’ =1 (mod q) with 0 <8’ <gq, F'A" =1 (mod gN") with 0 < 1" <

qN",and, for i’ #1I', gN" <h" <2qN". If ¢ 20 (mod m), (g, m) = 1. Write
N" = m’N* where (V*, m) = 1 and define M, = CV)" , Po) by
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am =-8@"VPm t 'y W Nm,  c=gq,

- 205 N2 (m"\S+ 1S+ 1 pn 1% _
it = — I/, b=madc 1_8°(6)(m) :In‘ mh'h 1
where A'* is uniquely determined by mh'h'* =1 (mod gN*), 0 <I'* < gN* and,
for W' #£1', gN* < h'* < 2gN*. Also, mm’' =1 (mod q) with 0 <m' <gq.
Since M,, = M, (mod N') whenever ' =1' (mod N"), the coefficients a{"
and a,(,") in the expansions of F corresponding to M, and M,, respectively are re-
lated by

9

a™ = (C/D)se(rk(M,, M,,))al’
where M, M, = (o D)- By Lemma 3.4, k(M), M,) = 0. Also
('/a"Y"'/q") whenq=0 (mod m),
'/a")Y"'/q") whenq #0 (mod m),

where ¢’ is the largest odd integer dividing q/m and q" is the largest odd integer
dividing q. The verification of (3.9) is left until the end of the proof of the the-
orem. For notational convenience set

(39) €/D), =

1 if uiseven,
p=p(@@, u)={q ifuisoddandqg=0 (mod m),
q" ifuisoddand g 20 (mod m).

Then, for fixed I, whenever #' =1' (mod N"),
i = ('/p)k'[p)a.
Now set w = 0 + in and
q/\/m if q =0 (mod m),
- ;q if g #0 (mod m).

Replacing F(hy/m/q + ) in (3.8) by the corresponding series and using the fact
that g, . (0) = Z§_, bye(kh™"/q), where k=" is any integer such that kh~! =1
(mod q), we have

200) = Gy S (5 ) et amP ", 030, 1)

where, in A. V. Malyshev’s notation,
q
oW, 1,40, k)= 3 b,K,(—n, —v(8"V M + KN"8"; I, N"; qN")
k=1
with
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1 if =0 (mod m),
M=; q (mod m)

'Yt if g 20 (mod m).
Note that the generalized Kloosterman sums are introduced here.
It now remains to estimate o{?, d), and then c,,. Since A. V. Malyshev
[12] has shown that

K Cx, 34, L; )l <5 mmz r((;‘—s—))m T(O,Ls))mz

and since =7 _, 1b,| < In(4q), we have
o1 < In(@qWaN"~/GN", nyr(@N"/@N", n))
< AllnnT(Q/ (q’ n )V (q’ ’l)\/EIT'

Here, and in what follows, 4, denotes a constant independent of n. The estimates
from the classical version of the circle method now show that

dD@)l < 4,72 Innt(g/(@, NG, nWa
and then that

ley| <A 2= 1313 2ng_, |, (n).
The proof is complete except for the verification of (3.9) which is given in
LEMMA 36. For h =1 (mod N') and M, 'M, = w0
_(WaYK'le) ifqa=0 (modm),
@R Fa#0 (mod m),
where q' and q" are the largest odd integers dividing q/m and q, respectively.

Proor. If h =1, (3.9) is obvious. For h #1,whenq =0 (modm)C =
—qE/m and D = 1 + [E where E = §(8')*(x" - 1"). When g 20 (mod m), C =
—qG and D = 1 + ImG where G = §(8')?>m** 1 (m')*+ 1 (n'* - I'*). Because of
the choice of the residue class in which 1", 4", I'*, and h'* lie, E and G are posi-
tive integers. Also, since E=G =0 (mod N'),E=G =0 (mod 8). Therefore,
when ¢ =0 (mod m),

(%),, = (1q4/-m15)(1 ilE) - (1 iw) = (l ;E)

However, since 1 + IE =I'h" (mod q'),

)- GXE)- G

Similarly, when ¢ #0 (mod m),

(39) €/D),
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(5). (-9 - (%)= @ )@)
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